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Chapter 1

Euclidean Topology

1.1 METRICS

Definition 1. A metric space (M, d) is a set M and a functiond : M x M — R such
that

1. d(x,y) >0

2.d(x,y) =0 <= x=y
3. d(x,y) =d(y,x)

4. d(x,y) < d(x,z) +d(z,y)

Example 1. The discrete metric is defined d(x,y) = 1if x # y, d(x,y) = 0if x = y.
For any set S, (S, d) is a metric space.
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1.2 OPEN SETS

Definition 2. Let (M, d) be a metric space. For each fixed x € M and & > 0, the e-ball
about x is
D(x,e) ={ye M |d(x,y) < ¢}.

Definition 3. A set A C M is open if for every x € A, there exists an ¢ > 0 such that
D(x,e) C A. A neighborhood of x in M is an open set containing x.

- ~
.- U
_-" D(x,¢) .
P \
- =~ \
/ . N
\\ , N \
\ / \ \
\ / \ \
1 \ \
’ | ° | \
! Xz
| \ / \
\ / |
! N ’ |
\ ~ 7 /
N ~___~-
~ < _ /
RN /

Figure 1.1: A neighborhood U of x.
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Proposition 1. In a metric space, every e-ball D(x, ¢) is open for & > 0.

Proposition 2. In (M, d) with open sets U;,
1. N, U; is open
2. Ugea Uy is open

3. @ and M are open

Example 2. Let U, = (—l l) then ;. ; U, = {0}, which is not open. Thus state-

n’n)’
ment (1) does not hold for arbitrary collections of open sets.

Definition 4. The interior of A C (M, d) is the union of all open subsets of A.
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A point a € A is an interior point of A if there’s a neighborhood of a contained in A.
Then A° is all the interior points of A.

Since A’ is open, A° is the largest open subset of A. Thus if A has no open subsets, then
A° = @. Furthermore, if A is open, then A° = A.



BRADEN HOAGLAND ReAL ANALYsis | 4

1.3 CLOSED SETS

Definition 5. A set B in a metric space M is said to be closed if its complement
B¢ = M\B is open.

It's possible for a set to be neither open nor closed (consider (0,1] € R).

Proposition 3. In (M, d) with open sets C;,
1. UN, Uy is closed
2. Naea Cq is closed

3. @ and M are closed

Proof. These follow from DeMorgan’s Laws and the corresponding properties of open
sets. O

Example 3. Any finite set in R” is closed since it is the union of finitely many single
points, which themselves are closed sets.

Example 4. Let

1 1
F=[p1-3)
n n

The union U2 F; = (0,1), so the union of an arbitrary collection of closed sets is not
necessarily closed.
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1.4 AccuMuLATION PoOINTS

Definition 6. A point x € M is an accumulation point of A C M if neighborhood U
of x intersects A at a point other than x. The set of accumulation points of A is denoted
by acc(A).

Other points of A get arbitrarily close to x if x is an accumulation point. This means
there are infinitely many points of A that are close to x.

An accumulation point of a set doesn’t need to be in the set itself. A set also doesn’t need
to have any accumulation points in the first place.

Figure 1.2: A few accumulation points of a set.

Example 5. Discrete metric spaces have no accumulation points.

Proposition 4. Every point in A° is an accumulation point of A C IR".

Proof. Let x € A, then there exists ¢ > 0 such that D(x,e) C A° C A. Then (D(x,¢)\{x})N
A is nonempty. O

Proposition 5. A C (M, d) is closed if and only if the accumulation points of A belong
to A.

If a set has no accumulation points, then it satisfies this condition and is thus closed.

Definition 7. Let A C (M, d), then the closure A of A is the intersection of all closed
sets containing A.
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Proposition 6. For A C M, A = AUacc(A).

Definition 8. The boundary of A C (M,d) is9A = AN A°.

The union of 2 closed sets is closed, so 0A is closed. Note 0A = 0 A°.

Proposition 7. Let A C M, then x € dA if and only if for all ¢ > 0, D(x, ¢) contains
points of A and A€ (these points might include x itself).

Example6. 1. Let A = (0,1), then A = [0,1] and A® = (—0,0] U[1,00). Then
94 = {0,1}.

2. Let A=Q,then A = R. A° = R\Q, so A; = R. Thus 9Q = R.
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1.5 COMPACTNESS

Definition 9. Covercover A cover of A C (M,d) is a collection {U;} of sets whose
union contains A. It is an open cover if each U; is open (in which case the union is
always also open). A subcover of a given cover is a subcollection of {U;} that covers
A.

Definition 10. A C (M, d) is compact if every open cover of A has a finite subcover.

Proposition 8. Compact sets are closed and bounded.

Proposition 9. Closed subsets of compact sets are closed.

Definition 11. A C (M, d) is sequentially compact if every sequence in A has a
subsequence that converges to a point in A.

Theorem 1 (Bolzano-Weierstrass). A C (M, d) is compact if and only if A is sequentially
compact.

Definition 12. A is totally bounded if for every € > 0, there is a finite set
{xl,. . '/xN(s)} cM

such that
N(e)

AC U D(X,',E).
i=1

Proposition 10. Sequentially compact sets are totally bounded.

Theorem 2. (M, d) is compact if and only if M is complete and bounded. Similarly, A C
(M, d) is compact if and only if A is closed and bounded.
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Theorem 3 (Heine-Borel). A C R" is compact if and only if it is closed and bounded.

Theorem 4 (Nested Set Property). Let {F;} be a sequence of compact nonempty sets in a
metric space M such that F.1 C Fy, then their intersection is nonempty, i.e.

m F # 2.
k=1

This can be inverted in a sense. Let Ay = F{, then each Uy is open and U1 D Uy. Then
Ur,Ux # M. Thus if M is a metric space and the open sets Uy are increasing and have
compact complements, then the union of all the Uy’s is not all of M.

Ky

Figure 1.3: As long as each K; is compact, x is guaranteed to exist
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1.6 CONNECTEDNESS

Definition 13. A map ¢ : [a,b] — M is continuous if t; — t implies ¢(t;) — ¢(t) for
every sequence {t;} C [a,b] converging to some t € [a, b].

Definition 14. A path joining two points x and y in M is a continuous map ¢ : [a,b] —
M such that ¢(a) = x,¢(b) = y. A set is path-connected if every two points in the set

can be joined by a path lying in the set.

A path-connected set need not be open or closed. Consider [0,1], (0,1), and [0, 1), which
are all connected.

Definition 15. Let A C (M, d), then two open sets U, V separate A if
1. UNVNA=g,
2. ANU # 2,
3. ANV # @, and
4. ACUUV.

A is disconnected if such sets exist, and it is connected if no such sets exist.

A

Figure 1.4: A disconnected set.

Proposition 11. [a,b] is connected.
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Theorem 5. Path-connected sets are connected.

Definition 16. A component of a set A is a maximal connected subset of A. A path
component is a maximal path-connected subset of A.



Chapter 2

Sequences and Series

2.1 SEQUENCES AND LIMITS

Definition 17. A function f : N — S is a sequence in S. A subsequence in S is a
function f o o, where o : N — IN is injective and increasing.

Definition 18. A sequence {x,},_; C (M,d) converges to L € M if for every neigh-
borhood U of L, there exists N such that x, € U whenn > N.

Proposition 12 (Squeeze Lemma). If x, — L and z; — L and x;, < y, < z, for any
n > ng, theny, — L.

Proposition 13. Limits are unique in an Archimedean field.

Theorem 6. Let x, — x and y, — y, then
L xp+yn—x+y
2. Axy — Ax
3. XpYn — XY

4y, #0,y #0 = xny;1—>xy’l

11
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Definition 19. Let F be an ordered field. We say that F has the Monotone Sequence
Property if every monotone nondecreasing sequence bounded above converges. An
ordered field is complete if it has the Monotone Sequence Property.

Complete ordered fields are Archimedean.

Example 7. For the discrete metric, a sequence {x,} converges if and only if it is
eventually constant.

Proposition 14. F C (M, d) is closed if an only if for all sequences in F that converge
to a point in M, that point is also in F.

Proposition 15. For aset A C (M,d), x € A if and only if there is a sequence x; € A
with x; — x.

Example 8. Consider the open interval (0,1) with the usual metric. The sequence
{1/n} does not converge in this metric space since 0 ¢ M.

Proposition 16. v, — v in IR” if and only if each sequence of coordinates converges to
the corresponding coordinate of v as a sequence in R.




13 | BRADEN HOAGLAND REAL ANALYSIS

2.2 INFIMUMS AND SUPREMUMS
Definition 20. The supremum of a set S C RR is the least upper bound of S, and the
infimum is the greatest upper bound.

Least upper bounds are unique. If b is an upper bound of S and b € S, then b is the least
upper bound.

Proposition 17. Let S C IR be nonempty. Then b € R is the least upper bound of B if
and only if b is an upper bound of S and for every &£ > 0 there is an x € S such that
x>b—e

Proposition 18. Let A C B C R, theninfB <inf A <sup A < sup B.

Theorem 7. In R the following hold

1. Least upper bound property: Let S C R be non-empty and have an upper bound, then S
also has a least upper bound.

2. Greatest lower bound property: Let S C R be non-empty and have a lower bound, then S
also has a greatest lower bound.

This theorem is equivalent to the completeness axiom for ordered fields.
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23 LiMIT INFERIORS AND LIMIT SUPERIORS

Definition 21. Let {x,},_; C R be bounded above, then we define the limit superior
to be
L = lim x; = limsup;_, ., ;.

Similarly, define the limit inferior to be

lim x; = liminf; ,cx;.

The limit inferior need not be the infimum, and the limit supremum need not be the
supremum. The limit inferior is the limit of the infimums if we keep removing elements
from the beginning of the sequence, and the limit superior is the limit of the supremumes.

Proposition 19. Let {x, } be a sequence in R.
1. If {x, } is bounded below, a number a is equal to the limit inferior if and only if

(a) Forall € > 0, there exists N such thata — ¢ < x,, whenn > N, and
(b) Forall e > 0 and for all M, there exists n > M with x,, < a+e.

2. If {x,} is bounded above, a number b is equal to the limit superior if and only if

(a) Forall € > 0, there exists N such that x,, < b+ e whenn > N, and

(b) Forall ¢ > 0 and for all M, there exists n > M withb — ¢ < x,,.
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24 CAUCHY SEQUENCES

Definition 22. The sequence {x,} C (M, d) is a Cauchy sequence if for all ¢ > 0, there
exists N such thatif n,m > N, then d(x,, x;,) < e.

Definition 23. A metric space (M, d) is complete if every Cauchy sequence in M
converges.

Example 9. 1. R" is complete.

2. Any discrete metric space is complete.

Definition 24. A C (M, d) is bounded if there exists some p € M and R > 0 such that
A C D(p,R).

e R/ AN
/
|
- /]
\\ p // J
AN /
\ \ P //’
\\\ /// /
AN e

Figure 2.1: A bounded set

Proposition 20. A convergent sequence in a metric space is bounded.

Proposition 21. 1. Every convergent sequence in a metric space is a Cauchy se-
quence.

2. A Cauchy sequence in a metric space is bounded.
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3. If a subsequence of a Cauchy sequence converges to x, then the sequence con-
verges to x.

Theorem 8. A sequence {x;} C R" converges to a point in R" if and only if it is a Cauchy
sequence.

Theorem 9 (Bolzano-Weierstrass Property). Every bounded sequence in R has a subse-
quence that converges to some point in IR.

Thus a sequence of points in [a, b] has a subsequence that converges to a point in [a, b].

Theorem 10. Every Cauchy sequence in R converges to an element of R.

Proof. Every Cauchy sequence is bounded, so by the Bolzano-Weierstrass property, every
Cauchy sequence has a subsequence that converges to some point in R. But if a subsequence
of a Cauchy sequence converges to a point, then the sequence itself converges to that point.
Thus every Cauchy sequence converges to a point in R. O
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25 THE REAL NUMBERS
Theorem 11. There’s a unique (up to isomorphism) complete ordered field called the real
number system. It is constructed as follows: Let S be defined
S ={(x1,x2,...)|xn € Q, sequence is increasing and bounded above}

and let two members of S be equivalent if their upper bounds are the same. Then R is the set of
all equivalence classes in S. We do not include oo in R.

Proposition 22. Q is dense in RR.

Although Q is dense in IR, there are actually many more irrationals than rationals.

Proposition 23. The interval (0, 1) in R is uncountable.

Since the function f(x) = a + (b — a)x maps |0, 1[—]a, b], any interval in R is uncount-
able. Since R is uncountable but Q is countable, it must be the case that C is uncountable.
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2.6 NorMS AND INNER PRoDuUCTS

Definition 25. A normed vector space (V,|-||) is a vector space V and a function
Il : V = R such that

1. ||o]| =0
2. o[ =0 <= v=0
3. [[Ao] = [A[][]l

4 o t+w| < o] + [lw]

Proposition 24. If (V, ||-]|) is a normed vector space and {v;}, {wx} C V such that
vp — vand wy — w, and if {A;} C R such that A,y — A, then

1. op+wp = v+w

2. /\kl)k — Av

Thus w, - w <= wy — w — 0 for all sequences in normed vector spaces.

Norms always produce metrics, since we can define a metric d(v, w) = ||[v — w|| on any
normed vector space; however, not all metrics (e.g. discrete or bounded metrics) can be
produced from norms.

Definition 26. An inner product space is a real vector space V with a function (-, -) :
VY x ¥V — R such that

1. (v,v) >0

2. (v,v) =0 <= v=0

3. (Av,w) = A (v,w) forall A € R

4. (v,w+u) = (v,w)+ (v, u)

5. (v,w) = (v, w)

Inner products always produce norms, since on any inner product space we can define a

norm ||v]| = +/(v,v).

Two useful identities that aren’t hard to prove:
1. (Av+pw,u) = A(v,u) + p(w,u)

2. (0,w) = (w,0) =0
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Proposition 25 (Cauchy-Schwarz Inequality). If (V, (-, -)) is an inner product space,

then we have | (v, w) | < \/(v,v)/(w, w) forallv,w € V.

Proposition 26 (Triangle Inequality). ||x + y|*> < ||x]|2 + ||y

Proof. Cauchy-Schwarz gives

I+l = [l +2 (x, y) + llyll?
< [l + 2[lx Iyl + lly 112
= [lx]1? + llylI*.
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2.7 FEUCLIDEAN SPACE

Theorem 12. Euclidean n-space with addition and scalar multiplication is a vector space of
dimension n.

The norm of x € R" is defined

" 1/2
] = (m) .
i=1

The distance between x and y is defined d(x, y) = |x — y|. The inner product is defined
(x,y) = Y, x;y;. Note that |x|? = (x, x).

Proposition 27. Let v,w € R”, and let
p(v,w) = max{|v; — w1, |[vg —wy|,...,|vn —wnl}.

Then
p(v,w) < [lv—w| < vnp(v,w)
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2.8 SERIES IN NORMED VECTOR SPACES

Let (V, |- |) be a normed vector space and let {x;}~; C V. SetS, =Y} x,. If S, — L, we
say Yo x; is convergent and )2 ; x; = L. If {S, } does not converge, we say ) - ; x; does
not converge.

If V =R, wesay S; — o if for all M, there exists N such thatif n > N, then S, > M. If
S; — oo, wesay Y7 x; = Foo (respectively).

Definition 27. A Banach space is a complete normed vector space. A Hilbert space is
a complete inner product space.

Theorem 13. Let V be a complete normed vector space. A series ), xy converges if and only if
for every € > 0, there is an N such that k > N implies

[k + X1+ F Xl <
for all integers p =0,1,2,...

Proof. Let sy = Zi'(:l x. Since V is complete, a {s;} converges if and only if it is a Cauchy
sequence. This is true if and only if there is an N such that ! > N implies [|s; —s;,,[| < ¢
forallg = 1,2,.... But [|s; — s;44l| = X141+ - + x144]], and so the result follows with
k=I+landp=q—1. O

Theorem 14. In a complete normed vector space, if Y xj converges absolutely, then }_ xy
converges.

Proof. This follows from the previous theorem and the triangle inequality

12k - x| < floell - A [l p -



Chapter 3

Continuity, Differentiation, and
Integration

3.1 CONTINUITY

Definition 28. Let f : A C M; — Mj. Suppose that x( is an accumulation point of A,
then b € M is the limit of f at xg
Ay S =b
if given any & > 0, there exists § > 0 such that for all x € A satisfying xo # x and
di(x,x9) < 6, wehavedy(f(x),b)) < e.
Equivalently, there exists § > 0 such that f(D(xo,d)\ {x0}) C D(L,¢).

The limit of a function at any given point need not exist, but when it does exist, it is
unique.

Definition 29. Let A C M;, f : A — My, and xy € A. We say that f is continuous at
xp if either xg is not an accumulation point of A or limy,_,x, f(x) = f(xo).

Theorem 15. Let f : A C My — Moy, then the following are equivalent.
1. f is continuous at every point of A.
2. For every convergent sequence X — x in A, we have f(xi) — f(x).
3. For every open set U C My, f~1(U) is open in M.

4. For every closed set F C M, f~1(F) is closed in Mj.

22



23 | BRADEN HOAGLAND REAL ANALYSIS

Figure 3.1: A continuous function f.

Theorem 16. The continuous image of a (path) connected set is (path) connected. The contin-
uous image of a compact set is compact.

Theorem 17 (Maximum-Minimum Theorem). Let A C (M, d) be compact and suppose

f A — Ris continuous. Then f is bounded on K and attains its infimum and supremum on
K.

Proof. Since K is compact and f is continuous, f(K) is compact, so it is also closed and
bounded. Since it’s closed, it contains its accumulation points. Its infimum and supremem
are either in the set or accumulation points, so they must lie in f(K). O

Proposition 28. Compositions of continuous functions are continuous.

Proposition 29. If (M, d) is a metric space, V is a normed vector space,and f : M — V),
g:M —V,and h: M — R are continuous, then

1. f+ gis continuous, and

2. hf is continuous.

Theorem 18 (Intermediate Value Theorem). Let A C (M,d), and let f : A — R be
continuous. Suppose that K C A is connected and x,y € K. Then for every real number ¢ € R
such that f(x) < ¢ < f(y), there exists a point z € K such that f(z) = c.

Proof. Suppose no such z exists, then f(A) C (—oo,c) U (c,00). Sincey; < candy > ¢,
we know both sets in this union are nonempty. Since f(A) is then clearly covered by two
disjoint nonempty sets, it is disconnected. Since A was taken to be path-connected (and
thus also connected), this is a contradiction, so such a z actually does exist. O]
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Figure 3.2: The Intermediate Value Theorem.
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3.2 UNIFORM CONTINUITY

Definition 30. f : M; — M, is uniformly continuous if for all ¢ > 0 and for all
X,y € Mj, there exists § > 0 such that if d1 (x,y) < 6, thendy(f(x), f(y)) < e.

It should be clear how to restrict the uniform continuity of f to certain subsets of M;.
Note that unlike usual continuity, we have to find a J that works for all x and y, so it
must be independent of the inputs to the function.

Theorem 19. Let f : My — My be continuous and let K C My be compact, then f is
uniformly continuous on K.
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3.3 DIFFERENTIATION OF FUNCTIONS OF ONE VARIABLE

Definition 31. The derivative of a function f at point x is defined

h—0 h

We can rewrite the definition for differentiability that avoids the issue of division by a
term that approaches 0: for any € > 0, there is a 6 > 0 such that if |Ax| < J, then

[f(x +Ax) = f(x) — f'(x)Ax| < €| Ax].

Definition 32. Let ¢, ¢ : (0,4) — R. We say ¢ is O(g) if

’qb(x)
8(x)

is bounded in some “deleted” neighborhood of 0, i.e. it lies in D(0,7)\ {0} for some
r > 0. Additionally, we say ¢ is o(g) if

)
JIHO g(x) 0-

Based on these definitions, we can see that f is differentiable at x if there exists some
L € Rsuch that f(y) — f(x) — L(y — x) is o(|]y — x]).

Definition 33. A function f : M; — Mp is Lipschitz if there exists some L > 0 such
that d>(f(x), f(y)) < Ldq(x,y) for all x,y € M. The function f is locally Lipschitz if
for every compact set K C Mj, f restricted to K is Lipschitz.

Lipschitz functions are also uniformly continuous. If we want d,(f(x), f(y)) be to less
than some € > 0, then choose x and y such that d; (x,y) < ¢/L.

Proposition 30. If f is differentiable at x, then f is continuous at x.

Theorem 20. Suppose that f and g are differentiable at x and that k € R, then kf, f + g, and
fg are differentiable at x and

L (kf)'(x) = kf'(x),
2. (f+8)(x) = f'(x) +&'(x), and
3. (f8)'(x) = f'(x)g(x) + f(x)g' (x).
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Theorem 21 (Chain Rule). If f is differentiable at x and g is differentiable at f(x), then go f
is differentiable at x and

(80 f)(x) =g (f(x)f (x).

Definition 34. If f("~1) is differentiable and f(") continuous, f is C". The function f is
C* if it is infinitely differentiable.

Definition 35. A function f defined in a neighborhood of x is increasing at x if there
is an interval (a4, b) containing x such that

1. Ifa <y < x, then f(y) < f(x), and
2. Ifx <y < b, then f(y) > f(x).

The notions of decreasing and strictly increasing/decreasing functions are similar.

Theorem 22. Let f be differentiable at x, then
1. If f is increasing at x, then f'(x) >0,
2. If f is decreasing at x, then f'(x) <0,
3. If f'(x) > 0O, then f is strictly increasing at x, and

4. If f'(x) < O, then f is strictly decreasing at x.

Proposition 31. If f : (a,b) — R is differentiable at ¢ € (a,b) and if f has a maximum
(or minimum) at ¢, then f’(c) = 0.

Proof. If f'(c) > 0, then f is strictly increasing at ¢, which is a contradiction. If f'(c) < 0,
then f is strictly decreasing at ¢, which is also a contradiction. Thus f'(c) = 0. O

Theorem 23 (Rolle’s). If f : [a,b] — R is continuous, f is differentiable on (a,b), and
f(a) = f(b) = 0O, then there is a number ¢ € (a,b) such that f'(c) = 0.

Theorem 24 (Mean Value Theorem). If f : [a,b] — R is continuous and differentiable on
(a,b), there is a point ¢ € (a,b) such that f(b) — f(a) = f'(c)(b — a).
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Proof. Let

O
f(a)
Figure 3.3: The Mean Value Theorem.
Corollary 1. If f : [a,b] — R is continuous and f’ = 0 on (a,b), then f is constant.
Proof. Applying the mean value theorem to f gives a point ¢ such that f(b) — f(a) =
f'(c)(b—a)=0,s0 f(a) = f(b) for all x € [a,b]. Thus f is constant. O

Corollary 2. If f : (a,b) — R is differentiable with |f'(x)| < M for every x € (a,b),
then f is M-Lipschitz.

Proposition 32. Let f € C([a,b]) be differentiable on (a,b) such that f'(x) > 0 for
every x € (a,b), then f is increasing on [a,b]. If f'(x) < 0 for every x € (a,b) instead,
then f is decreasing on [a, b].

Theorem 25 (Inverse Function Theorem). Suppose f : (a,b) — R is strictly monotonic
over (a,b). Then f is a bijection onto its range, " is differentiable on its domain, and

(f1)"(y) =1/ f'(x) where f(x) = y.

Proposition 33. Suppose that f is continuous on [a, b] and twice differentiable on (a,b)
and that x € (a,b), then

1. If f/(x) = 0and f”(x) > 0, then x is a strict local minimum of f, and
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‘ 2. If f/(x) = 0and f’(x) < 0, then x is a strict local maximum of f.
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3.4 INTEGRATION OF FuNcTioNS OF ONE VARIABLE

The integral of a function of one variable is the signed area under the curve. To define these,

we’ll need a notion of partitions and upper and lower sums.

Definition 36. The mesh of a partition P = {x1, xp,..., xn} is defined
[P = sup [xi1 — xil.

1

Definition 37. Let P and Q be partitions of [a,b]. We say P is a refinement of Q if
Q C P. We denote thisby Q < Por P > Q.

Consider abounded function f : A C R — R. If A isbounded, then there is some [, b] D
A. Define f(x) = 01if x € [a,b]\ A. Now partition [a,b] with P = {xg =a,x1,...,x, = b}
such that xg < x1 < - -+ < xy.

Definition 38. Upper/Lower Sums The upper sum of f over P is

n—1
U(f,P)=13, sup f(x)(xip1—xp).
i=0 x€[x;,x;41]

Similarly, the lower sum is defined

n—1
L(f,P) =}, xe[gicf_lf, f(x) - (xig1 — x0).
i=0 ir 1+1}

Note that the supremum and infimum for each subinterval exist since f is bounded. Let
—M < f < M, then

~M(b—a) < L(f,P) < U(f,P) < M(b—a)

for any partition P of [a, b].

Proposition 34. If P > Q, then L(f, Q) < L(f,P) < U(f,P) < U(f,Q).

Let P and Q be two partitions, then neither is necessarily a subset of the other. To get
around this, we note that for all P and Q, there exists a partition R which refines both, i.e.
R > Pand R > Q. The set P U Q arranged into an ordered set is one such partition.
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Definition 39. Given a bounded function f : A — IR over a bounded set A, define the
upper integral by

[ 5=t us.py,

and the lower integral by

Lg=amuqm»p

Definition 40. A function f is Riemann integrable if E f = J4f- The common value
Juf = [4f is denoted by [, f. If A = [a,b], we write

b
Jr=hs
Note that this definition does not involve any notions of smoothness or continuity.

Theorem 26. Any non-increasing or non-decreasing function on [a, b] is Riemann integrable
on [a,b].

Theorem 27. If f : [a,b] — R is bounded and continuous at all but finitely many points of
[a,b], then it is Riemann integrable on [a, b].

Proposition 35. Let f and g be Riemann integrable on [a, D], then
1. If k € R, then kf is integrable on [a,b] and fab kf = kfﬂbf,
2. f + gisintegrable on [4,b] and fab(f—i-g) = fahf—O— fabg,
3. If f(x) < g(x) for all x € [a, b], then fabf < fab g, and

4. If f is also integrable on [b, c], then it is integrable on [a,c] and [ f = [ uh f+/ f

Corollary 3. The absolute value of a definite integral of f is a lower bound of the
definite integral of the absolute value of f:

[ < [l
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Proposition 36. The lower definite integral of f is a lower bound of the upper definite
integral, i.e.

/ahf(x) dx < /ahf(x) dx.

Definition 41. An antiderivative of f : [4,b] — R is a continuous function F : [a, b] —
R such that F is differentiable on (a,b) and F/(x) = f(x) for x € (a,b).

Theorem 28 (The Fundamental Theorem of Calculus). Let f : [a,b] — R be continuous,
then f has an antiderivative F and

/abf(x) dx = F(b) — F(a).

If G is any other antiderivative of f, then we also have fab f=G(b) —G(a).



Chapter 4

Uniform Convergence

41 PoiNTWISE AND UNIFORM CONVERGENCE

Definition 42. Let X be a set and M be a metric space. A sequence of functions
fx : X = M converges pointwise to f : X — Mif forall x € X, f(x) — f(x).

Pointwise convergence is straightforward, but it might not preserve the properties of the
fk- As we can see in the next example, continuity of each f; need not translate to continuity
of f if we only have pointwise convergence.

Example 10. Consider the sequence of sigmoid-like functions

_ 1
ek

fr(x)

As k increases, the “slope” of the curve near 0 gets steeper, getting closer to a vertical
line. Each fy is continuous, but the sequence converges pointwise to

0 x <0
f(x)=1¢1/2 x=0
1 x>0,

which is clearly not continuous.

Definition 43. Suppose f; : X — M is a sequence of functions such that for alle > 0,
there is a K such that d(fx(x), f(x)) < e forall x € X when k > K. Then we say that f
converges uniformly to f.

With uniform convergence, we have a bound on how slowly each fi(x) converges to its
particular f(x). As you might expect, this results in the preservation of more properties of

33
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the fr. As we'll see later, if each f is continuous or differentiable, then f is continuous or
differentiable, respectively.

Note 1. When X is finite, both pointwise and uniform convergence are equivalent. Fix
e > 0, then each x;, there is a K; such that | f(x;) — fr(x;)| < e when k > K;. Since X is
finite, we can let K = max; K;, then we clearly have uniform convergence.

Definition 44. Let g : X — V be a sequence of functions, where V is a normed vector
space. We say ) ;- gx converges pointwise to g : X — V if the sequence s, = Y} gk
converges pointwise to g.

Similarly, we say Y_;” ; gk converges uniformly to g if s, converges uniformly to g.

Note that in the above definition, we needed addition of our space’s elements to make
sense in order to talk about series, thus we used V instead of M.

Proposition 37. Let f; : M; — M be a sequence of continuous functions, and let fj
converge uniformly to f. Then f is continuous on M;.

Corollary 4. Let g : X — V be continuous for all k. If } ;7 ; gy converges uniformly to

g, then g is continuous.

Proof. This follows from the previous proposition and the fact that the sum of continuous
functions is continuous (so each partial sum is continuous). O

Note 2. In other words, we can exchange limits with summations when the conver-
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gence is uniform, i.e.
lim 3 8x(x) = 1 Jim gx(x)

X— X



BRADEN HOAGLAND ReaL ANaLysis | 36

42 THE WEIERSTRASS-M TEST

Theorem 29 (Cauchy Criterion). Let M be a complete metric space, X a set, and fi, : X — M
a sequence of functions. Then fi, converges uniformly on X if and only if for all € > 0, there is a
K such that d(fi(x), fi(x)) < eforall x € X when k,1 > K.

The Cauchy criterion can easily be rewritten to apply to series of functions instead: Let
V be a Banach space, then } ;7 ; gx converges uniformly on X if and only if for all e > 0,
there is a K such that
lgk(x) + -+ gerp(0)] <&

for all x € X and for all integers p > 0.

Theorem 30 (Weierstrass-M Test). Let V be a Banach space, and let g : X — V with
constants My such that

18k ()| < M

forall x € X and such that } ;2 | My converges. Then Y} | g converges uniformly (and
absolutely).
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4.3 |INTEGRATION AND DIFFERENTIATION OF SERIES

Theorem 31. Let f; be Riemann integrable on [a, b], and suppose that they converge uniformly
to some function f on [a,b]. Then f is Riemann integrable on [a,b] and

lim /abfk(x) dx:/abf(x) dx.

k—o0

Corollary 5. Let g : [a,b] — R be Riemann integrable, and suppose } ;7 ; gk converges
uniformly on [a, b]. Then

b o b
/Z&ZZ/&«
a k=1 k=174

Proof. Apply the previous theorem to the sequence of partial sums. We can do this because
the sum of a finite number of Riemann integrable functions is itself Riemann integrable (see
Proposition 35). O

Theorem 32. Let fi : (a,b) — R be differentiable on (a,b), and suppose that f}. converges
pointwise to f : (a,b) — R. Also suppose that f] is continuous and converges uniformly to
some g. Then f is differentiable and f' = g.

Corollary 6. Let g, be differentiable with g; continuous, and suppose that } 7 ; g
converges pointwise and Y 32 ; g, converges uniformly, then

!
(Z gk> = Z Sk
k=1 k=1

Example 11. Consider

1 [e)
= xk
1—x k:zo

for x € (—1,1). By the Weierstrass-M test, } ;2 x* and Yo kx*~1 converge uniformly

on [—a,a] for any a < 1. Thus by Corollary 6,

d 1 1 d
o _ — k k*l.
dxl—x (1—x)2 k; *
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44 THE Space oF CoNTINUOUS FuNCTIONS

Let M be a metric space and V be a normed vector space, and let 7 be the set of all functions
from M to V. If we define addition and scalar multiplication in the obvious ways for

functions, then since the zero function is in F, F is a vector space.

Definition 45. We define the space of continuous functions between a metric space

and normed vector space by
C(M,V)={f € F| f continuous} .

C is also a vector space, since it is closed under addition and scalar multiplication.

Definition 46. We define the space of bounded continuous functions between a metric

space and normed vector space by

Cp(M, V) ={f €C(M,V) | f bounded} .

If M is compact, then by the minimum-maximum theorem, C;, = C (each continuous
function achieves its minimum and maximum, so each is bounded).

When working with Cp, the usual norm is the supremum norm. I won’t use any notation
for this, since it should be obvious when something inside a norm is a function.

Theorem 33. Properties of Cy:

1. Let My and My be metric spaces, then so is Cp(My, Mp), i.e. the distance function
d(f,8) = sup,ep, d2(f(x),8(x)) satisfies

(a) d(f,g) >

®) d(f,g) =0 < f=g
(c) d(f,g) =4d(g, f), and

(d) d(f,g) <d(f,h)+d(hg).

2. If M is a metric space and V is a normed vector space, then C,(M, V) is a normed vector
space, i.e. the supremum norm satisfies
(@ £l =0,
® [Ifl =0 < f=0,
(@) [AfIF = IAIfL, and
@ |f +gll < [IFI =+ ligll
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Theorem 34. If M, is a complete metric space, then so is C,(M1, My). If V is a Banach space,
then so is C,(M, V).

Note 3. The previous theorem has a clear analogue for C instead of Cj,.
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45 THE ARzELA-AscoLl THEOREM

Definition 47. Let B C C(M;j, M;). We say that B is equicontinuous if for all ¢ > 0,
thereisa é > O such thatd(f(x), f(y)) < eforall f € Bwhend(x,y) < é.

Proposition 38. Let B C C!(RR,R). Suppose there is an M > 0 such that || f/[|sup < M
for all f € B, then B is equicontinuous.

Proof. By the mean value theorem, f(x) — f(y) = f'(¢)(x —y) < M(x —y) for all f € B.
Set 6 = ¢/ M, then equicontinuity follows. O

Definition 48. Precompact A set is precompact if its closure is compact.

Theorem 35. Arzela-Ascoli Let My be compact, and let B C C(M;y, My). Then B is compact
if and only if BB is equicontinuous and pointwise precompact.

Corollary 7. Let M be compact, and let B C C(M,R") be equicontinuous and point-
wise bounded. Then every sequence in B has a uniformly convergent subsequence.

Proof. Fix x, then By = {f(x) | f € B} is bounded (this is the definition of pointwise
bounded). Then th closure of By is closed and bounded in R", so it is compact. Thus B is
pointwise precompact.

Since we were already given that B is equicontinuous and M is compact, by Arzela-
Ascoli we know that B is compact. Then every sequence in B has a convergent subsequence.
Convergence here is with respect to the supremum norm, so the convergence is uniform. [
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4.6 THE BANACH FiIXED POINT THEOREM

Theorem 36. Banach Fixed Point Theorem Let M be a complete metric space, and let ¢ : M —
M be k-Lipschitz with k < 1. Then there is a unique fixed point of ¢.

Note 4. The use of k in the Banach fixed point theorem is very important. If

d(¢(x),9(y)) <d(x,y),

it might be possible to contruct a sequence of x’s and y’s such that

d(¢(x), ¢(y)) = d(x,y).

In this case, we won't necessarily have a fixed point. If we instead have a fixed k such
that

d(@(x), 9(y)) < kd(x,y),

this aberrant behavior goes away.
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47 THE STONE-WEIERSTRASS THEOREM

Definition 49. An algebra is a vector space V equipped with a bilinear function
VXV =V

Suppose B is an algebra. If f, g € B and « is a scalar, then fg, f + g, and af are all in B.

Definition 50. A set of functions I3 separates points if, for x # y, there is some function

f € Bsuch that f(x) # f(y).

Theorem 37 (Stone-Weierstrass). Let M be a compact metric space, and let B C C(M,R)
such that

1. Bis an algebra,
2. x =1 € B, and
3. B separates points.

Then B is dense in C(M, R).
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4.8 POWER SERIES

Definition 51. A power series centered at xp € R is a series of the form
- k
p(x) =) ax(x = x0)",
k=0
where a5 € R or C.
Definition 52. Let p be defined by
1
lim sup |a;|'/* = =,
k—o0

then p is the radius of convergence for the power series.

Theorem 38. The power series
. k
p(x) =} ax(x —xo)
k=0

converges absolutely for |x — xo| < p and converges uniformly for |x — xo| < R < p. It
diverges for |x — xg| > p.

Corollary 8. In (xo — p, xo + p), we have

A @) = ¥ ka(x — x)t .
dx =

Corollary 9. A power series p(x) is C*®°, and each of its derivatives has the same radius
of convergence.

Theorem 39. If we have a power series Y5> ax(x — xo)¥, then its radius of convergence is

o = lim
Ak+1

k—o0

if this limit exists.



BRADEN HOAGLAND ReEAL ANALYsIs | 44

Proposition 39. Every power series is equal to its Taylor series.

Proof. Given p(x) = Y3 o ar(x — x0)¥, we have p(xo) = ag. Then p'(x) = Y52, kag(x —
x0)*~1, s0 p’(xg) = a1. Continuing inductively, we have

p® (x0) =k ay.

The Taylor expansion of p(x) is then

e

0 (k) X
Y < k(v O)(x—xo)k =) ax(x = x0)* = p(x).
= K k=0

Note 5. In general, a function might not equal to its Taylor series. If a function’s Taylor
series converges to the value of the function in a neighborhood of some point x, then
that function is real analytic at xj.



Chapter 5

The Derivative

5.1 GENERALIZED DERIVATIVES
In one variable, f : (a,b) — R is differentiable at xo € (a,b) if

f/(xo) _ }lllm f(x() + h) _f(xo)

—0 h

exists, but we can rewrite this as

o LG = Flx0) = ' (x0) (= x0)| _

X=X |x — x|

Thus differentiabilty of f at x( is equivalent to the existence of some number m such that

lim L) — f(|xO) - T(x —x)| _
X—Xg X — Xp

Note that the function T(x) : mx is linear. We can now generalize this to arbitrary maps

between normed vector spaces.

Definition 53. Let V and WV be normed vector spaces, and let L : V — W be linear. We
say L is bounded if there is an M < 0 such that ||Lv||yy < M||v||y forallv € V.

Proposition 40. If V is finite-dimensional, then any linear function L : V — W is
bounded.

Proposition 41. Let V and WV be normed vector spaces, and let L : V — W be linear,
then L is continuous if and only if L is bounded.

45
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Definition 54. Let f : V — W, where V and W are normed vector spaces. We say f is
differentiable at x if there is a bounded linear function Df,, : V — W such that

o 1FG) = Fx0) = Dy (x—x0)l| _

X330 (R

We call Dfy, the derivative of f at x.
Equivalently, a function f is differentiable at x if for all € > 0, there is a § > 0 such that
1f(x) = f(x0) = D fry (x = x0)[| < ellx = xo]
when [|x — xq|| < 6.

Note 6. The map x — f(xg) + Dfy,(x — x¢) is the best affine approximation to f near
X0-

Theorem 40. Let U be openin V, and let f : V — W be differentiable at xg, then Dfy, is
uniquely determined by f.

Example 12 (Derivatives of Linear Functions). Let L : VV — W be linear, then its
derivative is just itself. By the linearity of L, we have

[[L(x) — L(xo) — L(x —xo)|| _ |IL(x) — L(x0) — L(x) + L(xo) ||
[|x — xo| [ — xo|

:0,

so L is its own derivative.

Example 13 (Derivatives of Constant Functions). Let C : V — W be constant, then its

derivative is 0. We have
|[C(x) — C(xo)]|

=0
[l = xo|

since C(x) = C(xp), so the derivative is 0.

Let L(IR",R™) be the set of all bounded linear functions from R" to R™ (of course, since
R" is finite-dimensional, all linear maps are bounded). If f : R” — IR is differentiable on
some open set U, then for all x € U,

Df, € L(R",R™).
Then x — Dfy defines a function from U C R" to L(IR", R™). The derivative of this new
map, which we denote D?f, belongs to the complicated space

L(R",L(R",R™)).
We can similarly define D¥ f, for all k € IN. Now we have a notion of higher-order deriva-
tives.
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Proposition 42. If f is differentiable, then f is continuous.

Proof. Let f be differentiable at xg, then for all € > 0, there is a § > 0 such that
1£(x) = f(x0) = Dfy (x — x0) || < eflx — xol
when ||x — xp|| < é. Choose ¢ = 1, then there is a § such that
1£(x) = f(xo) | < 1D fxg (x = x0) | + [[x — x0]l
when ||x — xg|| < 6. Now the derivative of f is a bounded linear function, so this becomes

[1£(x) = f(xo)l| < Ml|x = xol[ + [lx — xo
= (M+1)]lx = xol|

Thus f is Lipschitz, so it is continuous. O
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5.2 MATRIX REPRESENTATION OF THE DERIVATIVE

Definition 55. The partial derivative of a function f : R” — IR™ is defined

%(x ) = fi(xo + he;) — fj(xo)
axi 0=

7

h—0 h

where {ey, ..., e, } is a basis for R".

Note that each partial derivative of f : R” — R™ is also a function from IR” to R™.
The partial derivatives of a function have a close connection with the whole derivative.
Consider a function f : R” — RR. If f is differentiable at x(, then

f(xo+ he;) — fl(qu) — Dfy,(hej) o

ash — 0, so

X, he;) — f(x Xo he;
fo+he) /() _ Dfolhe) _pe o)

where the last equality follows from the linearity of Df,,. Thus if f is differentiable at xo,
then
of

axj

i
hlg(l) h

(x0) = Dfx, (¢))-

Since D fy, is uniquely determined by where it sends the basis elements ¢;, we can write it as

0x;,

This is easily extended to the case when f : R" — R"™, but it should be clear how having
f={(f1,--+, fn) would make the D f notation messier...

Note 7. Because it’s important, I'm gonna write it again here:

Dfole;) = ;’;(xo)

Dfiy = (3 Gob 2.

8x1

and
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Example 14. Let f : R? — R?, with
_ (Ax)
f(x) - (fz(X)) 4

Dfx: <axf; ax2>/

then

axl i)xz

where each partial derivative is evaluated at x.

Definition 56. Suppose f : R” — R™ has well-defined partial derivatives, then its
Jacobian matrix is defined

I ... oh
dxy Ix,
afm . afm
dx1 dxy,

Theorem 41. Let U be open in R", and let f : U — R™ be differentiable on U. Then all
partial derivatives of f exist and the matrix of D fy with respect to the standard bases in R"
and R™ is the Jacobian of f, where every partial derivative is evaluated at x.

Note 8. The Jacobian matrix changes when basis is changed, whereas the linear map
Df, that it represents is the same for any basis.

Theorem 42. Let U be open in R", and let f : U — R™. Suppose of /dx; exist and are
continuous for all i and j, then f is differentiable in all of U.

Theorem 43 (Chain Rule). Let A be open in R" and B be open in R™, and let f : A — B
and g : B — R be differentiable. Then g o f : A — R* is differentiable and

D(go f)x = Dgy(x)© Dfx.



BRADEN HOAGLAND ReaL ANaLysis | 50

5.3 TAYLOR'S THEOREM

Definition 57. A function

$:R"x--- xR" - R"
—_———
k times

is k-multilinear if ¢ is linear in each of its k arguments.

If k = 2, we say “bilinear” instead of 2-multilinear.

Definition 58. A k-multilinear map ¢ is symmetric if

P(Ve(1), Vo)) = P01, 0k)

for all ¢ in the symmetric group of {1,...,k}. It is skew/alternating if

47(%(1)/' s ,Ua(k)) =sign(0) - p(vq,- -+, vg).

Theorem 44. Let U be open in R", and let f : U — R™ be C?, then D fy is symmetric, i.e.
the partial derivatives of f commute.

Theorem 45 (Taylor’s Theorem). Let U be open in R", and let f : U — R™ be C*. Let
x,y € U such that the segment joining them lies in U. Then there is a c on that segment such
that

k=14
F) = F)+ X DIy g DAy x ).
]:

j times k times
Definition 59. The sum .
-1
1 .
Y Difi(x =y 5 =y)
=1 j times

is called the Taylor polynomial of degree k — 1 for a function f.
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54 EXTREMA

Proposition 43. Let U be open in R", and let f : U — R" be differentiable. If f attains
a local max/min at xg € U, then Dfy, = 0.

Proof. Let v be a unit vector, then consider the function ¢, : (—a,a) — U given by
co(t) = xo + to.

(I don’t know what a is, but it’s obvious that one exists. It doesn’t matter what it is for the
sake of this proof, so I don’t bother finding it).

The composition f oc, : (—a,a) — R™ has a local min/max at t = 0, so by the one-
variable version of this proposition, we know

d
0=l e,
= Df.(0)(cx(0))
= Df X0 (U)
Thus Dfy, evalutes to 0 at any unit vector v. Of course, we care about elements of U, not

arbitrary unit vectors. But for any 7 € U, since 7/||7|| is a unit vector and since D fy, is
linear, we have

Dfe(5) = 15D ey (”|) 5] -0=o.

Thus Dfy, = 0. O

Theorem 46. Let U be open in R", and let f : U — R be C%. Suppose that xo € U is a
critical point of f. If D*fy, is negative definite, then xq is a local max. If D2 fy, is positive
definite, then x is a local min.
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