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1 MODULES

1.1 MODULES AND ALGEBRAS

Modules are a generalization of vector spaces, replacing the field of scalars with a unital ring of scalars.

Definition 1. Let R be a unital ring. A (left) R-module is an additive abelian group M with a left
action R x M — M satisfying

L Mz +y) =z + Ay
2. A+ p)x = Az + p;
3. Mpz) = (Ap)x;and
4, 1gpx = .

Right R-modules are defined similarly. An (R, S)-bimodule is both a left R-module and a right
S-module satisfying (rm)s = r(ms).

I denote left modules by M : (R, —), right modules by M : (—, R), and bimodules by M : (R, S).

Example 1. Z-modulesand abelian groups are the same thing. Every right R-moduleisalsoa (Z, R)-
bimodule.

Proposition 1. Basic properties of modules:
1. AOar = Opss
2. Ogpx = 0pp3
3. AM—z) = —(Az) = (=M.

If R is a division ring, then we also have

4. e =0py = A=0gorxz =0y.

When R is commutative, any left R-module can be given the structure of a right R-module (and vice
versa) by defining A = Ax. Thus left and right R-modules are the same thing in this case. If F is a field,
then an F-module is the same thing as an F-vector space.



The definition of modules gives us addition and scalar multiplication, but we still don’t have a way of
multiplying module elements together. Providing this is exactly the role of an algebra, which adds a ring
structure to a module.

Definition 2. Let R be a commutative unital ring. An R-algebra is an R-module M along with a
“multiplication” map

M x M — M
(z,y) = xy.

This map distributes over addition and satisfies

Azy) = (Az)y = z(Ay).

We can form more specific types of algebras by putting restrictions on the multiplication map. Asso-
ciative and commutative algebras have associative and commutative multiplication maps, respectively.
A unital algebra has a multiplicative identity. A division algebra is a unital associative algebra in which
every nonzero element has a multiplicative inverse.



1.2 SUBMODULES

A module is just an abelian group with a left action, so we can define a submodule to be just a subgroup
that respects this action.

Definition 3. A submodule of an R-module M is a subgroup of M that is closed under the left
action of R on M.

A module NV isasubmodule of M ifand only if IV is closed under subtraction and scalar multiplication
(the subtraction emcompasses both addition and additive inverses). From this we infer the following simple
characterization of a submodule.

Proposition 2. N is an submodule of M if and only if

Ax +py € N

forallz,y € Nand A\, u € R.

Thus given any set S C M, we can form a submodule of M by adding in all linear combinations
of the elements of .S (remember that linear combinations are by definition finite sums, so the induction
works). This could be a good enough definition of (S), but we have to make sure that we aren’t adding in
any unnecessary terms. The following definition ensures this is the case, the next proposition shows that
the definition makes sense, and the following theorem shows that our definition is equivalent to the linear
combination approach.

Definition 4. Givenaset S C M, let the generating set (.S) be the intersection of all submodules
of M containing S.

Proposition 3. If { M}, isafamily of submodules of M, then (1), M, is also a submodule of M.

Theorem 1. Let S C M, and let LC(.S) denote the set of all linear combinations of S. Then

~ {0} ifS =g,
(5) = {LC’(S) otherwise.

Proof. The case S = & is clear since all subgroups must contain 0, so assume .S is nonempty. It’s clear that
LC(S) is a submodule of M. Since S C LC(S), this means LC(S) is a submodule of M containing
S, ie. (S) C LC(S). But every linear combination of S must be in any submodule containing .S, so
LC(S) C (S) too. Thus (S) = LC(S5). O

If {M}« is a family of submodules of M, then J, M, won’t be a submodule in general (unlike
N o, M), but it can certainly generate one. (Ua M) can be interpreted as the smallest submodule of M
containing each of the M,,, and we can construct it by once again filling in all the missing linear combina-
tions.



Proposition 4. Let.Abe some index set, and let P*(A) denote the set of all nonempty finite subsets
of A. Then ( |J,, M, ) is all finite sums of the form

> ms,

BeB

where B € P*(A) and mg € M.

Proof. All linear combinations of the elements of | J,, M, is this form, and LC' = ( |J,, M, ) by Theo-

rem 1 since | J,, M is nonempty (it must contain 0). O

> M= (M)

[

This motivates the notation

and the terminology “sum of the family {M,} .”



13 MORPHISMS

As usual, an R-morphism respects the structure of R-modules.

Definition 5. An R-morphism isamap f : M — N between R-modules satisfying
L flz+y)=f(z)+ f(y)
2. f(Ax) = Af(x).

Note that if R is a field, then an R-morphism is just a linear map. Also note thatif f : M — N isan
R-morphism, then Ker f is a submodule of M and Im f is a submodule of V.

Proposition 5. Basic properties an R-morphism f : M — N.
1. f(Opr) = On.
2. f(=z) = —f().

Because we like to be fancy, we’ll use categorical language to describe specific types of R-morphisms:

R-monomorphism : M — N,

R-epimorphism : M — N.

It’s straightforward to show that the inverse of a bijective R-morphism is also an R-morphism, i.e. an R-
isomorphism is just a bijective R-morphism. The usual properties of composed morphisms of course hold
too:

* The composition of morphisms/monos/epis is a morphism/mono/epi.
* If gf is mono, thenso is f.
* If gf isepi, thensois g.

As you might expect, a map between modules induces maps between their submodules.

Proposition 6. Suppose we have an R-morphism f : M — N. Then for any submodule X of
M, the image f(X) is a submodule of N. Additionally, for any submodule Y of N, the preimage
fHY) is a submodule of M.

These maps induce maps between the entire submodule lattices L(M ) and L(N):

.
on L) RN
— 7Y = f(Y)

Is there a way to generalize this to something other than modules? If we have a morphism
f:X — Y, will f(x)and f~!(y) have that proerty if z and y have the property, respectively?
Is the defn of R-morphism really just saying that it preserves module-ness by respecting linear
combs?

finj: Thereisamap g : B — Asuchthatgf = 14.

[ surj: Thereisamap g : B — Asuch that fg = 1p.



131 EXACT SEQUENCES

Definition 6. A covariant functor F is one of the below if it preserves exactness in the manner

depicted.

exact A—-B—-C ~ 0—-FA—-FB—>FC—=0
left exact 0—-—A—-B—-C ~ 0—FA—FB—FC
right exact A—-B—-C—=0 ~ FA—-FB— FC =0

The following apply to a contravariant functor G instead.

exact A—-B—-C ~ 0—-6GC—-GB—GA—=0
left exact A—-B—-C—=0 ~ 0—-GC—GB—GA
right exact 0—+-A—-B—C ~ GC -GB —-GA—0

Theorem 2 (Five Lemma). Suppose the following diagram commutes and has exact rows.

A B C D E
bl e e s
A’ B’ o D' E'

If oy, aig, aug, v are iso, then so is 3.

Proof. Apply the Four Lemma to the first three squares to show that a3 is monic, and to the last three
squares to show that cv3 is epic. Since it’s an R-morphism, this is enough to show it’s iso. O

Corollary 1 (Short Five Lemma). Suppose the following diagram commutes and has exact rows.

0 A B C 0
ol b
0 A B C’ 0

If o, y are iso, then so is 3.

Theorem 3 (Four Lemma). Suppose the following diagram commutes and has exact rows.

A B C D
L
A B C’ D’

Then the following hold:

1. If e, 7y are epic and J is monic, then f3 is epic.



2. If avis epic and 3, 7y are monic, then 7y is monic.

132 SPLIT SEQUENCES

Definition 7. A short exact sequence 0 - A — B — C — 0 splits if there is an isomorphism
making the following diagram commute,

B
XLN%
S

Ao C

0 A C 0

where i 4 and ¢ are natural.

An epi need not have a left morphism inverse, but if it does, it’s called a split epimorphism. Similarly,

a mono with a right morphism inverse is called a split monomorphsm.

Definition 8. The sequence 0 — A i> B%Cc—=o0

splits on the left if f is a split mono;
splits on the right if g is a split epi.

Note 1. To remember right vs. left inverse, note that the inverse gives the identity on the middle
term if we’re working with a SES.

Theorem 4 (Splitting Lemma). Fixasequence0 — A Lo 0, then

it splits on the left <= itsplits on theright <= it splits.

Proof. 1implies 3: f hasaleft inverse f. Definea map B - A Cbyb— (f(b), g(b)), then its clearly

amorphism that makes the diagram commute. It’s an iso by the Short Five Lemma.

2 implies 3: g has aright inverse §. Defineamap A @ C' — Bby (a,c) — f(a) + g(c). Similarly,

this is an iso.

3 implies 1,2: Suppose the iso is ¢, then define f =ma¢pand § = ¢ tic. O



14 LIFTS AND EXTENSIONS OF R-MORPHISMS

It’s common to want to extend or lift an R-morphism. The following propositions give criteria for when
this is possible.

Proposition 7. Suppose A, B, C are nonempty.

B
I l
- f
c—2s A
Suppose f is monic. Then there is a unique R-morphism £ lifting g if and only if Img C Im f. In
this case, h is epic if and only if Im g = Im f.

Proof. The forward direction of the first statement is clear. To go backwards, note that any ¢, thereisa b
such that g(¢) = f(b) sinceImg C Im f. Define h by ¢ — b, then f(h(c)) = f(b) = g(c), so h lifts
g. This map is well-defined and unique since f is monic. To show it’s an R-morphism, use the morphism
properties of f and g to show f(h(Ac)) = f(Ah(c)) and f(h(c1 + ¢2)) = f(h(c1) + h(c2)), then use
the fact that f is monic.

If R is epic, it’s straightforward to show thatIm f C Im g, which proves their equality. Conversely, fix
b and suppose Im f = Im g. Then f(b) = g(c) = f(h(c)) for some ¢, which implies b = h(c) since f

is monic. O

Lemma 1. Suppose f and g are R-morphisms. If Ker f C Ker g, then

fx)=fly) = g(x) =9(y).

Proof. If f(z) = f(y), then f(x —y) = 0,s0x —y € Kerf C Kerg. Thus g(z — y) = 0, s0
9(x) = 9(y)- -

Proposition 8. Suppose A, B, C are nonempty.

B

V iﬂ!h

A2, C

Suppose f is epic. Then there is a unique R-morphism h extending ¢ if and only if Ker f C Ker g.
In this case, h is monic if and only if Ker f = Ker g.

Proof. The forward direction of the first statement is clear. To go backwards, since f is epic, any b can be
written b = f(a) for some a. Then define h : b — g(a). This cleatly lifts g, and it is well-defined and
unique by the preceding lemma. Showing it’s an R-morphism is a standard check by writing b = f(a)
and using the morphism properties of f and g.

If h is monic, then for a € Ker g, we have h(f(a)) = g(a) = 0. Butsince f is monic, this implies
f(a) =0,s0a € Ker f. Thus Ker g C Ker f, and we already know the opposite inclusion. Conversely,
using the b = f(a) fact, h(b1) = b(b2) = g(a1) = g(az),s0a1 —as € Kerg = Ker f, so
bl = f(al) = f(az) = bQ. O



Proposition 9. The diagram commutes if the row is exact and 0g = 0.

Proof. f must be monic and Im g C Im f, so a unique h exists by Proposition 7.

Note that if X = Ker 6 and f is an inclusion map, then the row will always be exact.

Proposition 10. The diagram commutes if the row is exact and gf = 0.

A
gTK\\HIh
X',y _‘toyz 0

Proof. f must be epic and Ker f C Ker g, so a unique h exists by Proposition 8.

Note thatif Z = X /Im 6 and the f is a projection map, then the row will always be exact.



2 CONSTRUCTING MODULES

21 QUOTIENT MODULES

Hello there.

11



22 PRODUCTS AND COPRODUCTS

We can make a direct product of R-modules [ [, M, into an R-module itself by defining

(xoz)oz + (ya)a = (xa + ya)ow
AMza)a = (A2a)a-

If we add the restriction that only a finite number of the coordinates can be nonzero, then we get the
direct sum @ M. In this context, 7, denotes the canonical projection onto the a-th coordinate, and
i denotes the a-th canonical injection

x(...,0,2,0,...),

where the single nonzero coordinate is the a-th coordinate.
Instead of worrying about individual elements, we can use the universal properties of the product and
coproduct to characterize direct products and sums.

Note 2. Istill use the notation 7, and i, in the general categorical setting, but unless I'm specifically
using them with a direct product or direct sum, they’re just ordinary morphisms instead of special
projections or injections.

Definition 9. Fix a category C and objects {M, },,. A product of {M,} , is an object P with
morphisms 7, : P — M, such that for any other object IV and morphisms f, : N — M, there
is a unique morphism f : N — P lifting each f,.

P

.7
-
ne T
-
-

N T> M,
Dually, a coproduct of { M, }, is an object C' with morphisms i, : My — C' such that for any

other object object N and morphisms f, : M, — N, there is a unique morphism f : C — N
extending each f,.

-
.

N 75— Ma

»~

Proposition 11. If (P, {7, }) is a product, then each 7, is epic. If (C, {in }) is a coproduct, then

each i, is monic.

Proof. Fixa,let N = My, andlet f, be the identity. Then there are unique fp, fo such that o fp =1
and fcia = 1,1e. 7, is epic and 7, is monic. O



Theorem S (Uniqueness). If (P, {7, }) isa product, then (Q, {¢q}) istoo <=> thereisaunique
isomorphism P = (@ such that the first diagram commutes for all . Dually, if (C, {is}) is a co-
produc, then (D, {ja}) istoo <= there is a unique isomorphism C' = D such that the second
diagram commutes for all cv.

i

Q D

~ ~
ta .
Pa Jo

Proof. We need only prove the case for products, since the coproduct case is dual. The forward direction is
straightforward. For the backward direction, extend P’s unique lift gotten with the unique isomorphism’s
inverse to get ()’s unique lift. O

T

—

EREA

=

Theorem 6 (Existence). ([], Mq,{ma})isaproductof {M,}.
Proof. Given N and morphisms f, : N — M, we define f in the obvious way by
7 (ful))a

It’s an R-morphism, it satisfies the universal property, and it clearly must be unique. O

Note 3. Thus up to (unique) isomorphism, every family of R-modules has a unique product and
coproduct. We can then call the direct product (direct sum) #he product (coproduct).

A consequence of the uniqueness of the product and coproduct is that both [ | and € are commu-
tative and associative (no matter what order we do things in, we end up with a product/coproduct, which
must be isomorphic to the product/coproduct we got with the original ordering).

Do proof of associativity for practice.

Finish this section.



23 THE TENSOR PRODUCT

Note 4. Bigidea: the tensor product is a space in which multilinear maps become linear maps.

Definition 10. Suppose M : (—, R)and N : (R, —). If GisaZ-module, then f : M x N — G
is balanced if

L. f(my 4+ mg,n) = f(mi,n) + f(ma,n);
2. f(m,ng +ng) = f(m,n1) + f(m,n2);
3. fimA,n) = f(m, In).

Definition 11. The tensor product of a right module M and left module N is a Z-module M @ N
with a balanced tensor map & such that for all Z-modules G and balanced maps f : M x N — G,
there is a unique Z-morphism extending f through ®.

M® N
®T \\\31 ¢

~

MxN%G

Note that if M and NV are not both trivial, then & is never injective. Since ®(mA, n) = @(m, An),
set A = 0 to get ®(0,n) = ®(m, 0) forall m, n.

Proposition 12. (Im®) = M ® N.

Thus every elementin M & N can be written

In general, this representation is not unique, so we are zot working with a basis.

Lemma 2. If a Z-morphism has an addition-respecting property on a single m ® n, then it has that
property on allof M ® N.

Proof. You can express any element of M ® N as ) | ;M ® Ny, and Z-morphisms respect addition.  [J



Theorem 7 (Uniqueness). The tensor product is unique up to (unique) isomorphism:

M®N is also a tensor product = ®T /®

Let F' be the free module on M x N, and let H be the subgroup of F' generated by all elements of the

form

i(m1 +ma,n) —i(my,n) —i(ma,n),
i(m,n1 + ng) — i(m,n1) — i(m, na),
i(mA,n) —i(m, An).

IfM x N5 F 5 F/H,define

M®r N = F/H,

QR = mi.

This gives us the canonical tensor product of M x N.

Theorem 8 (Existence). M ®pg N is a tensor product of M x N.

Proof: Recallthat M @ g N = F/H and ® g = mi.

Fgﬂ»F/H M ®r N
{ H'h 33!¢ — ®RT \\\\aw

Since F is free, we get h extending f. Then since f is balanced, the definition of H gives Kerm = H C
Ker f. Then since 7 is epic, Proposition 8 gives us ¢ extending h. Now ¢ is the only morphism extending
h through 7, but it is also the only morphism extending f through 7i: if  also extends f, then ¢mi =
émi = f = hi. Buthis unique, so ¢ = ¢, which implies ¢ =  since 7 is epic. O

Note 5. Thus up to (unique) isomorphism, there is a unique tensor product of M x N. We’ll call
M ®pg N the tensor product of M x N, and we’ll also denote m ® g n = ®@g(m, n).

Proposition 13. 1. ® distributes over addition.

2. mAR@n=m®E In.

Proof. ® is balanced by definition. O



Corollary 2. L.0®n=m®0=0.

2. Forallintegers k, wehave k(m @ n) = km @ n = m ® kn.

Example 2 (Tensoring with Q). Let M be a right Z-module, then M ®z Q is essentially a torsion-
free version of M. Suppose m € M is a torsion element, i.e. thereis an n € Nsuch that nm = 0,
then forall ¢ € Q,

4_y,
n

m®q:m®@=nm®g=0®
n n

The tensor product preserves module-ness in a manner similar to how dimensions work with matrix

multiplication. The bimodules need to align in the middle, and the bimodules on the outside determine
the bimodules of the tensor product.

Proposition 14.

M:(S,R), N:(RT) = M®&gN:(ST)

with the actions
5 (Z m; @r nz) = Z sm; @R My,
i i
(Z m; QR TLZ> t= Zml Rpr m;t.
i i

Corollary 3. If R is commutative and M, N are R-modules, then M ® g N is also an R-module.

Note 6. If M : (—,R)and N : (R, —), then M ®pg N is a Z-module since every right R-module
isalso a (Z, R)-bimodule.

Proposition 15. ® is associative:

(M@N)@ P2 M®(N®P).




231 MULTILINEARITY TO LINEARITY

Definition 12. Suppose R is commutative and My, . .., M, and N are R-modules. We say
¢: My X---x M, - N
is n-multilinear over R if it’s an R-morphism (i.e. R-linear) in each factor.

Since ® is associative, the following theorem is unambiguous.

Theorem 9. Suppose R is commutativeand My, ..., M, and IV are R-modules. If f : M; x-- - x
M, — N is n-multilinear, then it extends uniquely through the tensor product to an R-morphism
(i.e. an R-linear map).

M ®- - ® M,

T IR

M1><~~~><MHT>)N

The map (mq,...,my,) — M1 ® - - - ® My, is also n-multilinear.



3 SPECIAL MODULES

31 CHAIN CONDITIONS AND TOWERS

Any modules can be broken down into some ascending or descending sequences of submodules. If we
restrict our attention to only modules with finite such sequences, then we characterize them further.
Definition 13. An R-module M is Noetherian if for all ascending submodule chains

Moy C M CM;C---,

there is some n € N such that M, = M, forall k € N, i.e. the chain stabilizes at n. We say that
M is Artinian if for all descending chains

Mo 2 My DMy 2D ---,
there is again some n at which the chain stabilizes. We call these two qualities chain conditions.
We can also define similar concepts for unordered sets of submodules.

Definition 14. An R-module M has the maximal (minimal) condition if every nonempty collec-
tion of submodules of M has some maximal (minimal) submodule w.r.t. set inclusion.

Note that we’re using maximal/minimal, 7ot maximum/minimum. This is important.

Theorem 10. TFAE:
1. M is Noetherian.
2. M satisfies the maximal condition.

3. Every submodule of M is finitely generated.

Theorem 11. TFAE:
1. M is Artinian.

2. M satisfies the minimal condition.

Is there any similar thing about being finitely generated, or is that just a property of Noetherian
modules?

18



A nice property of chain conditions is that they are passed onto submodules and quotient modules.
The converse also holds.

Proposition 16. If M hassome chain condition, then each of its submodules and quotient modules
has it too. Conversely, if every submodule N of M and every quotient module M /N has the same
chain condition, then so does M.

311 SIMPLE MODULES

A very extreme case of the above conditions is when a module’s only proper submodule is the trivial sub-
module. These modules are called simple. As you might expect (since R-morphisms induce maps between
submodules), modules going to or coming from a simple module are pretty restricted.

Proposition 17. If f : M — N is a nonzero R-morphism, then:
1. If M is simple, then f is monic.

2. If N is simple, then f is epic.

Proof: Ker f andIm f are submodules of M and f #0 = Ker f = 0andIm f = N. O

Corollary 4 (Schur). If M is simple, then End (M) is a division ring.

Proof. Every nonzero endomorphism is necessarily iso. Since the natural multiplication on End g (M) is
composition, this means every nonzero element has a multiplicative inverse. O

312 SUBMODULE TOWERS

Stuff here.
Extra nice modules will be both Noetherian and Artinian, and its these modules that have a special
“height” characterization based on their submodule towers.



32 FREE MODULES

Note 7. Bigidea: free modules are modules with a basis.

Given a nonempty set S and a ring R, we can fill in all the missing linear combinations of S to get a
module (S). This module is “free” of any unnecessary relations between its elements: it contains every
possible linear combination of terms, with nothing simplified via some other relation.

Definition 15. Fix a category, then a free object on a set S is an object /' withamapi : S — F
such that for all other objects M, every map f : S — M extends uniquely through % to a morphism
F— M.

F

T RNER
K2 N
Y

We denote this by (F, %) and say that F'is free on S.

Proposition 18. If (F, 1) is a free module, then f is injective and (Im ¢) = F.

Theorem 12 (Uniqueness). Suppose (F, ) is free on S. Thensois (G, j) <= there is a unique
isomorphism F' = G making the following diagram commute.

F-22 @
S

Theorem 13 (Existence). For every nonempty set S, there is a free R-module on S.

Proof. Let ' = @, 4 Rs denote the set of all formal linear combinations of S, which has elements of
the form ) _ 7, where only finitely many of the 7, are nonzero. There’s a natural inclusion i : S < F.
Given M and g, define h on i(.S) by h(s) = g(s), then extend by linearity to all of F. It’s necessarily a

unique R-morphism that satisfies the universal property. O

Note 8. Thus up to (unique) isomorphism, every nonempty set S has a unique free R-module. The
map s — €, gives P, g Rs = P, g R,sowecanuse P, g Ror P, g Rs asthefree R-module
onS.



Theorem 14. Every module is the quotient of a free module.

Proof. Fixamodule M with generating set S (it certainly has some generating set since (M) = M), and let
F be free on M. The universal property of free modules gives a unique morphism ¢ : F' — M extending
the natural inclusion S — M.

S——M

Since (S) = M, ¢ must be epic, so the st iso theorem gives M = F'/ Ker ¢. O

Corollary 5. Every finitely generated module is a quotient of a free module with a finite basis.

321 BASES

Definition 16. A basis of an R-module M is a linearly independent subset of M that generates M.

Theorem 15. A nonempty subset S C M isabasisof M <= eachelement of M can be uniquely
expressed as a linear combination of elements of .S.

Proposition 19. If (F) ) is a free module, then Im ¢ is a basis of F'.

Proof. Suppose (F), 1) is free over some nonempty S, then we know F' =2 @ Rs, and it’s clear that S
is a basis of @, Rs. We can then translate this basis for @, Rs into a basis for F since the isomorphism
necessarily commutes with both modules’ inclusion maps by Theorem 12. O

Theorem 16. A module is free <= it has a basis.

Proof. If F is free, then F' = P < Its, so its basis is S mapped through the isomorphism. Conversely,
if S is a basis of F’, then there is a natural inclusion ¢ : § < F. Fix another module M and a map
f S — M, then the only way to get an R-morphism h : F' — M is to define h(s) = g(s) and then
extend by linearity, which is unique. Thus F is free. O

Fill in other notes here.

Theorem 17. The coproduct of free objects is itself free. Explicitly, if F, is free over So, then [ ], F,
is free over | |, Sq.



Proof. Suppose we have a family of free objects Fy, over Sg.

arbitrary.

Fo <25 [, Fa

m} i} N
A=Y
\

Sa(TuaSa ’

Fix o, andlet M and g : | |, So — M be

The diagram’s got a lot going on, but it’s straightforward. All four inclusions and the one projection are
the natural ones, so the square commutes. The map g induces fo by faTa = gls.,. Then f comes from

the universal property of free modules, so fi,, = fo. Then ¢ comes from the universal property of the
coproduct, so @j, = f.

coming from S,

To show that [ [, Fi, is free, we have to show that ¢ extends g through 7. But forany s € | |, Sa

(¢Z)(S) = (Qsjaia’fra)(s) = (foﬂra)(s) = g(s)v

so¢i = g. Thus [ [, Fi isfreeon| |, Sa.

O
Corollary 6. The direct sum of free R-modules is itself free.
Proposition 20. The tensor product of free R-modules is itself free.
Prof (@, R)on (@ R) = @.,RerR = @R =

Finish this section



33 HOM SETS

Given R-modules M, N, the set Hom(M, N) is an abelian group under function addition, but the left
action (A, f) — Af doesn’t necessarily make Hom (M, N) into an R-module (A f might not be a mor-
phism). This is only true if R is commutative.

Note 9. An abelian group iso is the same thing as a Z-iso.

Proposition 21. If M : (R, S)and N : (R, T), then Hompg(M, N) : (S, T') with actions

s¢:m — ¢(ms)
ot :m— d(m)t.

IfM: (S,R)and N : (T, R), then Homgr (M, N) : (T, S) with actions

to:m— to(m)
os:m— o(sm).

Corollary 7. If R is commutative and M, N are both R-modules, then so is Hompg (M, N).

Theorem 18. The following are Z-isos.
1. Hom (6, M4, N) = [[, Hom (M,, N).
2. Hom (N, ][, M,) = [[, Hom(N, M,).

Corollary 8. If R is commutative, then the above Z-isos are also R-isos.

Corollary 9. If we’re dealing with a finite set My, . . ., M,,, then we have Z-isos
1. Hom(&;_, M;,N) = @, Hom(M;, N);
2. Hom(N, @}, M;) = @;_, Hom(N, M;).

331 HOM FUNCTORS



Fix a module M, then for any other module A, there are associated abelian groups Hom(A, M) and
Hom(M, A). A morphism f : A — B also induces maps on the hom sets via pre/post composition.

f« : Hom(M, A) - Hom(M, B)

_J . B g fg

A
M f* :Hom(A, M) + Hom(B, M)
gf g

Proposition 22. Both induced maps respect addition. Also, (¢f).« = ¢« f« and (gf)* = f*g*.

Note 10. This says that Hom(M, —) is a covariant functor, while Hom(—, M) is contravariant.

Theorem 19. Hom(M, —) and Hom(—, M) are left exact. Explicitly, for all short exact

0 AL, p ¢ 0,
the following induced sequences are exact.

0 —— Hom(M, A) LN Hom(M, B) —%— Hom(M, C)

Hom(A, M) +X— Hom(B, M) +*— Hom(C, M) +—— 0

Corollary10. Suppose0 — A i) B % C = 0is split exact, then the following induced sequences
are also split exact.

0 —— Hom(M, A) —— Hom(M, B) —%— Hom(M,C) — 0

0 +—— Hom(A4, M) PEA Hom(B, M) & Hom(C, M) +—— 0

Proof- We only do this for the first induced sequence, as the second one is dual. Since the original SES
splits, ¢ has a right inverse §. Then g.g. = (9§)« = (1¢)+, which is the identity on Hom(M, C'). Thus
gx is epic and the sequence splits. By the previous theorem, the rest of the sequence is exact. O

Note 11. In general, though, we can’t guarantee that g, or f* is surjective. This motivates the defi-
nition of projective and injective modules.



Theorem 20 (Tensor-hom adjunction). The following are Z-isos.
A (=,
B: (R,S) HomS(A(X)R B,C)’EHomR(A,HomS(B,C))
C: (-9

=

'R) Homg(B ®p A,C) = Hompg(A, Homg(B, C))

Sy

Proof. Do this.



34 PROJECTIVE AND INJECTIVE MODULES

I don’t think I understand intuitively why projective/injective isn’t always true.

Note 12. Big idea: a projective module P makes any short exact0 - A — B — P — 0 split.
An injective module @) makes any short exact 0 =+ I — B — C — 0 split. They make the hom
functors exact.

Definition 17. The following special types of modules preserve exactness of the given induced se-

quences for any arbitrary short exact 0 — A i) B%C—o.

P is projective Hom(P, B) i Hom(P,C) — 0
Qisinjective (). Hom(4,Q) L Hom(B, Q)
Equivalently,
projective if g is epic, then so is g,
injective if f is monic, then f* is epic

Equivalently, if g is epic, then so is g..

Proposition 23. Effect on the hom functors:

Hom(P, —) isexact <= P is projective
Hom(—, Q) isexact <= ( is injective

Theorem 21 (Characterizations of projective modules). TFAE:
1. P isa projective module.

2. Any morphism P — C can be lifted (not necessarily uniquely) through epis, i.e. whenever
B — C — 0isexact.
P

3¢ 7 l
v

B——C——0
3. Every shortexact0 = A — B — P — O splits.

4. P isadirect summand of a free module, i.e. there is some P such that P @ P is free.

Corollary 11. Free modules are projective.

The converse of this isn’t true in general, so the following is strict:

{all free modules} C {all projective modules} .



Corollary 12. Every module is the quotient of a projective module.

Proof. Every module is the quotient of a free module, and free modules are projective. O

Theorem 22 (Characterizations of injective modules). TFAE:
1. @ is an injective module.

2. Anymorphism B — () can be extended (not necessarily uniquely) through monos, i.e. when-
ever 0 &> B — ('is exact.
0 —— B——C

l 36

Q
3. Every shortexact0 — @ — B — C — O splits.

Since there’s nothing really dual to free modules, there’s no real dual notion of the free module char-
acterization of projective modules. That’s why we only have three characterizations for injective modules
above instead of four.

Proposition 24. M @ N is projective/injective <= M and N are both projective/injective.

Generalize for arbitrary number of products.

Proposition 25. Let R be commutative. If M, N are projective, thensois M ® g N.

Proof. Since M, N are projective, Hom (M, —) and Hom(N, —) are exact, so Hom(M, —)oHom(N, —)

is too. But by the tensor-hom adjunction,
Hom(M, —) o Hom(N, —) 2 Hom(M ®g N, —),

so M ®pg N is projective. L]



35 FLAT MODULES

Note 13. Bigidea: a flat module M makes the M ® — and — ® M functors exact.

Suppose M : (—, R), then

M ®gr — : Mod-R — Ab
N—=M®rN
f—=1xf

is a covariant functor. If M : (S, R), then it’s Mod-R — S-Mod instead.

Theorem 23. M ® — isrightexact,ic. if0 = A = B — C' — 0Ois exact, then so is
M@A—s M®B —— M C —— 0.

The induced sequence above is exact forall M : (—,R) <= A — B — C — 0 is exact.

Proposition 26. M ® — preserves split exactness.

Proof. If0 = A — B — C — Oissplitexact, M@ BEMQ (AeC) =2 (Mo A)e(MxC). O

Example 3. Let M = Zo, then

Zo @7, 1 = 7o
7y ®7Q=0
(since each element of Z is a torsion element). Thus any morphism Z — Q induces the zero map.

In particular, the natural inclusion Z — @Q (monic) induces the zero map (not monic). Thus M ® —
is only right exact.

Definition 18. M isaflat module if M ®  — is exact. Equivalently, if f is monic, thensois 1 ® f.

Proposition 27. Free = flat.

Proof. Suppose F' = @@, R is free, then question about this proof... O

Corollary 13. Projective = flat.




Proof. If P is projective, then P @ P is free for some P. Since this sum is free, it’s flat: if f

monic, then so is

PoP) oA —2L s (PoP)oB

(PoA)a (P A) (P® B)® (P® B)
Thus1l® f: P® A— P ® B ismonic.

Note 14.
Free = Projective = Flat.

Everything here also applies to — ® M.

:A— Bis



36 VECTOR SPACES

Proposition 28. Every SES of vector spaces splits.

Proof. Every vector space has a basis, so it’s free, so it’s projective. O

Corollary 14. If W is a subspace of a vector space V, then V=W ¢ V /W.

Proof. The sequence 0 — W Ly V /W — Ois exact, soitsplits,so V=W & V /W. O

Corollary 15. If W is a subspace of V, then dim V' = dim W + dim(V /W).

Corollary 16. If W is a subspace of finite-dimensional vector space V, then
dmV =dimW < V =W.

Proof. If diim V' = dim W, then by Corollary 15, dim(V /W) = 0. Thus V/W = 0,s0 V = W. The

other direction is clear. O

This isn’t true for free modules in general. For example, if n # 0, 1, then nZ is a strict submodule of
Z, yet both have dimension 1 since they each have a 1-element basis.

Theorem 24 (Rank-Nullity). If ¢ : V' — W is alinear map, then
dimV = dim(Im ¢) + dim(Ker ¢).

Proof. Ker ¢ is a subspace of V,s0 V = Ker f @ V' / Ker f = Ker f @ Im f (by Istiso theorem). O

Corollary 17. It V, W are finite-dimensional vector spaces of equal dimension, andif ¢ : V — W
is linear, then TFAE:

1. ¢ is injective;
2. ¢ is surjective;

3. ¢ is bijective.

Proof. By rank-nullity, f is injective <= Ker¢ = 0 <= dim(Ker¢) = 0 <= dimV =
dim(Im¢) <= V =Im¢ <= ¢issurjective. O
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