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Abstract—Autoencoders, common generative models that learn
latent representations of training data, suffer from irregular
latent spaces that make generating new data difficult. Current
methods for regularizing the latent space resolve this issue, but
also reduce the quality of the learned embeddings by introducing
stochasticity. To address this issue without affecting the autoen-
coder’s embedding quality, we introduce a regularization penalty
based on the 0-dimensional persistent homology of the learned
embeddings. We show that autoencoders with this topological
regularization exhibit similar generative ability to that of existing
methods while maintaining deterministic learned embeddings.

I. INTRODUCTION

Generative models are a means of producing data that is
qualitatively similar to some collection of training data, usually
by sampling noise and transforming it. More formally, if we
have a collection of n-dimensional points X , we then can treat
this as a discrete, unbiased sample of a manifold X embedded
in R™. The goal of a generative model is then to create unseen
points of X using only X as a reference.

A common strategy is to suppose that X can be reasonably
compressed into a simpler, lower-dimensional latent space L.
If we can learn a map L — X that reconstructs X from
points in L, and if L is a simple enough space, then it should
be straightforward to sample points randomly from L and pass
them through our reconstruction map to create unseen points
in X.

Of course, since X is in general unknown and incapable
of being losslessly embedded into a lower-dimensional space,
this process can only be completed approximately. One such
approximation is the autoencoder, which learns representations
in L of points in X and then uses these representations to learn
areconstruction map L — X . We will detail how autoencoders
are structured and trained in Section =0 after introducing the
general machine learning and topological concepts utilized in
this paper.

A. Deep Neural Network Training

Neural networks are powerful function approximators that
are frequently used in the creation of generative models.
Suppose we have data X and wish to approximate a function
f: X — Y. If we define a differentiable map A : Y XY — R
that is minimized if and only if both inputs are identical, then
we can attempt to fit a neural network f to f by minimizing
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To perform this minimization, we can calculate the gradient
of this expression with respect to the parameters composing
the neural network, then take small steps in the direction of
the negative gradient. This process, stochastic gradient descent,
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converges almost surely to a local minimum under some mod-
erate assumptions [B]. Although this minimum theoretically
need not be the global minimum, various heuristics make
stochastic gradient descent viable for finding nearly optimal
solutions [d].

With large datasets, it might be infeasible to compute (1)
for all of X. Instead, we can sample subsets (batches) of
X and take a stochastic gradient descent step using each
batch. This does not affect performance in practice, so we
use it in our implementations of the various algorithms in this
paper. From now on, we will treat neural networks as black
box function approximators, specifying only the A maps used
during gradient descent.

B. Persistent Homology

To capture homological properties of a point cloud, one
can generate a simplicial complex from that point cloud and
then compute the homology groups of that complex. One
such simplicial complex generated from a point cloud is the
Vietoris-Rips complex: if ¢ > 0 is a fixed constant and X
is a set of points, we can define R.(X) to be the simplicial
complex in which an n-simplex with vertices xq, ..., T, is
present in the complex if and only if ||z; — ;|| < e for all
0<1,5<n.

Varying €, we can track how the rank of the n-th homology
group changes, giving the n-th dimensional persistence mod-
ule of the complex. Every persistence module can be uniquely
decomposed into a direct sums of interval modules, giving
a set of birth-death pairs {(b;,d;)},. Informally, these pairs
represent when n-dimensional holes in the complex appear
and are filled.

In this paper, we will be primarily concerned with the O-
th dimensional persistent homology. In this case, the rank of
Ho(R.(X)) can be interpreted as the number of connected
components of RE(X ). A critical observation is that larger
0-dimensional death times correspond to rank Hy(R.(X))
decreasing at larger e, which itself corresponds to data that
is more spread out.

C. Autoencoders

An autoencoder is a model composed of two maps
X -t51 -2, x

where X is some initial space containing some data X and L
is a latent space; usually, these are X = R" and L = R™ for
m < n. For any « € X, its latent representation £(z) is an
“encoded” version of x that is then “decoded” by D.

These maps £ and D are chosen such that this encoding and
decoding are as lossless as possible. We usually cannot find



maps perfectly reconstructing each x € X, so we instead try
to minimize the expected reconstruction difference, as in (1).
If A: X x X — R is some function measuring the difference
between its two inputs, we can express this as

argmin L. (X),
D

X) :=E,ex [A(z, DE(x)] .

In addition to learning compressed representations of data,
autoencoders can be made into generative models. If y ~ L,
then we expect D(y) to be qualitatively similar to points in X
whose encoded representations are close to y. Thus in order to
generate new data using an autoencoder, we need only sample
points from the latent space and map them through D.

where Lyec(

D. Flaws with Generative Autoencoders

Perhaps the most obvious flaw with using autoencoders as
generative models is that we do not know a priori where the
encoded representations of our sample points in X will be in
L, making it difficult to sample from L effectively.

To realize this problem, we trained an autoencoder with a
2-dimensional latent space (I = R?) on the MNIST dataset of
hand-drawn digits so as to visualize the distribution of latent
embeddings. MNIST images are 28 x 28 grayscale values, so
X = R4, and the dataset is standard in evaluating generative
models. We used a simple feed-forward architecture for both
& and D, each with two hidden layers of 64 nodes and using
ELU activations. All outputs from the decoder were passed
through a sigmoid function to ensure that only valid grayscale
values were produced.
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Fig. 1. The fully connected feed-forward autoencoder architecture used
throughout our experiments. The only change to this architecture in any
experiment was the dimension of L.

To train the network, we used mean binary cross entropy
as the reconstruction loss and performend batch stochastic
gradient descent. Thus for a batch B, the total loss was

|B| Z xlogZ + (1 — x)log(1l — &),
rzeB

where & = DE(x).

Lrec(B) =

Figure D shows the latent embeddings of 512 randomly
sampled training images using the fully-trained autoencoder
from above, where different colors represent images of dif-
ferent hand-drawn digits. Embeddings of the same digit are
clustering together, enforcing the intuition that being close in
the latent space corresponds to being close in the original
space; however, the embeddings are distributed irregularly,
so there is no obvious way to sample from this space with
complete coverage while avoiding the indescribable regions
where no embeddings lie.
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Fig. 2. Latent embeddings of 512 sampled training points from the MNIST
dataset after training a simple feed-forward autoencoder to convergence, where
different colors represent images of different digits.

II. RELATED WORK

A common approach to addressing this sampling issue
is the variational autoencoder (VAE). Instead of £ being a
deterministic map X — L, it maps points z € X to normal
distributions A (p,02). To regularize the latent space, it
minimizes the expected Kullback-Leibler divergence between
the distributions output by the encoder and a standard normal
distribution, which is feasible computationally since it has a
closed form [B5]. This forces the points in the latent space to be
approximately lie in a standard normal distribution, allowing
for easier sampling.

This is unsatisfying, however, as there is little reason for the
embeddings to be inherently stochastic. Although useful for
regularization purposes, adding noise to the latent embeddings
reduces the quality of the learned representations of individual
training points.

The application of a topology-based loss term to an au-
toencoder is not a novel idea. This same concept has been
addressed by Moor et al., 2020 [Z]. In this paper, the authors
construct a topological loss term that is shown empirically
to aid in a variety of quality metrics while not having an
adverse effect on the reconstruction loss. However, their loss
aims to preserve topological structure of the input space in
the latent representation of the autoencoder. This differs from
our approach, as we try to regularize the latent space through
enforcing later death times of connected components.



A recent work, [[], also explores the use of topological reg-
ularization for deep neural networks. Theoretical connections
are made between the box dimension, a measure of model
complexity, and the Oth persistent homology dimension. The
authors also experiment with a loss term built upon the Oth
persistence diagrams, but the complexes are computed on the
model weights, not the latent space of a generative model.
Empirical experiments verify that their regularization loss term
acts as a proxy for the persistent homology dimension and
improves the model’s generalization ability.

III. METHODS

We propose a topological constraint that uses the O-
dimensional persistent homology of embedded points to reg-
ularize the latent space without introducing any stochasticity.
Instead of matching distributions, our constraint forces deter-
ministic embeddings to lie approximately uniformly through-
out the closed unit ball of L.

In particular, denote the closed unit ball of L by Dy and
suppose we have a set of points X C X. Then we seek to find
£:X — Dp and D : Dy, — X minimizing some arbitrary
reconstruction loss L. while spreading the points {€(x)}
uniformly throughout Dy .

Approximately prohibiting embeddings from lying outside
the unit ball is simple: we add a penalty term to Ly that is
0 if a point lies within the unit ball and increases the farther
a point is from the ball; however, this does not guarantee that
the whole unit ball will be filled, meaning that there could still
be unknown regions containing no embeddings.

To ensure that embeddings spread throughout the entirety of
the unit ball, we propose maximizing the death times of the 0-
dimensional persistent homology of the training points’ latent
embeddings. This maximization has the qualitative effect of
spreading points out within the latent space: since all points
in a Vietoris-Rips complex have the same fixed birth time of
0, the only way to increase death times is to move the points
farther away from each other. Coupled with the penalty for
leaving the unit ball, this ensures that the latent embeddings
fill the unit ball without venturing outside of it.

Formally, for any batch B, we define a topological penalty

Liop(B) = max{le| -1, 01— 3 4,

reB det(B)

mEX

where {(B) is the set of O-dimensional persistent homology
death times of the Vietoris-Rips complex determined by £(B).
The first sum penalizes points linearly based on their distance
from the unit ball, and the second sum promotes large O-
dimensional death times. Thus our total loss for any batch
B is

ﬁtat(B) = Erec(B) +A Etop(B)a

where ) is some hyperparameter that determines how strictly
regularization is enforced. Since we expect that minimizing
this modified loss will lead to latent embeddings lying in the
entirety of the unit ball, we pick points uniformly from the
unit ball in order to sample from the latent space.

IV. IMPLEMENTATION AND RESULTS

To test that our topological regularization had its desired
effect on the latent space, we used the same setup as in
Section [=D. Figure B shows the latent embeddings of the
same 512 training images after training the same number of
epochs, this time with the topological regularization. These
embeddings all lie roughly within the unit ball in R? and
expand to fill it entirely, meaning that sampling points from
this ball gives us complete coverage of our model’s learned
representations while never being at risk of sampling points
in regions where the model has no known behavior.
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Fig. 3. Latent embeddings of the same 512 MNIST images from the
same autoencoder architecture used for Figure B, but with our topological
regularization used during training.

To test if our regularization actually led to qualitatively
better generated images, we used the same autoencoder archi-
tecture but with batch size 128. We also varied the latent space
dimension among 2, 5, and 10. The standard autoencoder’s
latent space was sampled from by picking points from the
standard Gaussian distribution, while the topologically regular-
ized autoencoder’s latent space was sampled from by picking
points uniformly from the unit ball.

We trained our models using the MNIST and Fashion-
MNIST datasets. While MNIST is a standard dataset for
testing generative models, Fashion-MNIST contains more
complicated images and thus poses a stronger challenge.
Figure B shows example generated images from the fully
trained autoencoder on MNIST with latent dimension 2 both
without regularization (left) and with regularization (right).
Figure B is the same, but the autoencoders used 10-dimensional
latent spaces. Further details and results, including those for
Fashion-MNIST, can be found in Appendix [l

For L = R?, the standard autoencoder samples points with
reasonable decodings, but note the bimodality of the images:
they are all either a 3, 6, or a hybrid of the two. Since the
embeddings of the various digits are scattered in unknown
parts of the latent space, we cannot guarantee coverage. The
regularized autoencoder, on the other hand, does not suffer



from this lack of coverage and produces images of a similar
quality.

¢V

¢e

U
ww ’) {.} U’

Sy -0y

-
%
%
[
e
(P
1)
%
o
4
1CY
>

ScUEaRYHoYPFUVLW
CHHOmpmbODY &0 6
GO WMOW HOHEONWWY
L UNOHYUYNYNOON Y
~yoLdoesow~JdeawD
NNNaaSsSm -y P

CREPFPEP
W pW—-—dhow O Wb~

L

5
—

Fig. 4. Generated images with L = R2. Left: without regularization. Right:
with regularization.
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Fig. 5. Generated images with L = R0, Left: without regularization. Right:
with regularization.

For L = R!'9, the irregular clusters of the standard au-
toencoder again prevent us from sampling effectively. Since
the dataset has remained fixed while the number of latent
dimensions has increased, we have increased the size of the
regions in the latent space where the model has unknown
behavior. It seems from Figure B that we have sampled from
one of these regions, resulting in nonsensical images. On the
contrary, the regularized autoencoder exhibits high coverage
without producing uninterpretable results, and its clarity has
improved over the L = R? case, as one would expect with a
higher-capacity model.

V. LIMITATIONS AND DISCUSSION

During our experiments, there was no noticeable increase
in computation time when using our topological regulariza-
tion with batch size 128; however, there was a significant
increase with batch size 512 due to the increased difficulty
of computing the persistent homology death times. Thus this
regularization is most feasible when using small batch sizes.
Further computaitonal tricks and approximations might be

possible to reduce training time, but this would require further
research.

Although our topological regularization was somewhat lim-
ited by batch size, it was successful in improving generative
performance without sacrificing the quality of learned rep-
resentations. Our regularized models were more robust with
respect to the latent dimension when compared to standard
autoencoders, and they generated images qualitatively similar
to those of VAEs without injecting any stochasticity into the
latent embeddings.

More direct relationships between our regularized autoen-
coders and VAEs might exist. For instance, instead of using
the degree-0 total persistence »_ ;.. d in Lip, we could have
used the degree-k total persistence ZdeT d*. Qualitatively, the
latent embeddings would still fill all of Dy, but as k increases,
more would begin clustering near the origin. Determining if
it is possible to approximate a standard normal distribution
(and thus the latent embedding distribution of VAEs) by
using variations of the total persistence like this would be an
interesting topic for further research.

A. Failed Methodologies

Before settling on the current implementation of our topo-
logical loss term, we experimented with a variety of TDA
metrics and methods. One such metric was the persistence
landscape, a way to vectorize a persistence diagram. Because
persistence landscapes have been shown to be both a stable
and robust metric [3], we thought they would encapsulate the
gradual clustering of the MNIST classes throughout training
so that we could use them in some capacity for a topo-
logical regularizer; however, we had difficulty determining a
reasonable way of using them in this capacity and struggled
with computationally efficient implementations. One thing to
note is that O-dimensional persistent homology is generally
characterized by the death of each connected component, as
each connected component is born at the same time. Thus,
our metric does, in fact, capture the most salient features (the
death times) of a persistent landscape corresponding to the
0-dimensional persistent homology.

We also considered minimizing the 0-dimensional persistent
homology death times per class while still maximizing them
globally in order to promote class clustering in the latent space.
Balancing these competing goals proved tricky, and our models
struggled to converge with this updated objective.

VI. CONCLUSION

We presented a method of regularizing the latent space of
autoencoders that has been shown experimentally to improve
the quality of generated MNIST and Fashion-MNIST images.
We utilized TDA methods, specifically persistent homology,
to enforce the dispersion of points within the unit ball of
the latent space while maintaining the separation of classes,
leading to qualitatively realistic generated images—uniformly
sampled from the latent space—that are more representative of
the dataset.



As our topological loss term only requires a distance matrix
between samples, it is architecture independent. So, we hope
to apply our topological regularizer to more sophisticated au-
toencoders in the future. Furthermore, as our experimentation
largely focused on the MNIST and Fashion-MNIST datasets,
we hope to test our method on more complex datasets to see
if the same qualitative improvements in generated images are
realized.

APPENDIX A: EXPERIMENT DETAILS

All the code used in our experiments can be found
at jgithub.com/bchoagland/TDA-Project, and is based on the
PyTorch and Gudhi libraries. All the collected data from
our experiments can be found at wandb.ai/bchoagland/TDA-
anfoencoderd. This includes generated images and latent em-
beddings (for 2-dimensional latent spaces) from every interme-
diate training epoch and resource allocation throughout train-
ing. Below we detail important training results that accompany
those in the main body of the paper.

Throughout our experiments, we used a fixed random seed
of 0 and the same feed-forward autoencoder architecture as in
Section [0, with hidden layers of 64 nodes and ELU activa-
tions. We used the Adam optimization algorithm for all models
with a fixed learning rate of 0.0003. In general, we found it
best to set the regularization coefficient A such that Ly, was
a small fraction of L. This encouraged regularization of the
latent embeddings without significantly reducing the fidelity of
their reconstructions. In the following experiments, we used
A = 0.005.

We also tested using separate coefficients for the disk and
topological penalties. We found that the disk penalty was
in general quite small compared to the topological penalty,
though, so a single coefficient for both was sufficient to en-
courage regularization without weighting the the disk penalty
too heavily.

The following two tables show generated images from
autoencoders trained to convergence (in this case, 100 epochs)
on the MNIST and Fashion-MNIST datasets with batch size
128 and latent dimension as listed. The left columns show
generated images from standard autoencoders, and the middle
columns from autoencoders trained with our topological regu-
larization. For comparison, the right columns are from VAEs
trained with the same parameters.

Note that in all cases, the standard autoencoders struggled to
generate reasonable images as the latent dimension increased,
and the generated images had poor coverage of the various
classes in the datasets. On the other hand, the regularized
autoencoders and the VAEs did not suffer from this issue
at all and in fact produced images of greater clarity as the
latent dimension increased. Also note that our regularization
produced images of similar quality to those of the VAE:s.

Latent AE+Reg VAE
23%% 136985a738 27789203
360 22984939 608WwWi07 4
362 339874981 497972901
b33 %3 O0Lbb20 50 99 64901
L2e3bBL3Z6 770671 24935339
bLbdbB3% 6 §99497 1349 2¢22647z7a
63620b%%%2 49658593694 6378352646
2635666306 1788861/ 6 773617338
b2 | 800992 76076617
eavbad b 260687 71 168582766819
33RO §$3893776 Lr/90s06 %
2 33%3532% 36669171 /%1 88210
f ©4317069¢ 1/ 1@749217
7298148387 701647517
627871219 0786740/
129¢549780 §257¢008
38128077 6824 q¢927
79%81891J L4045¢csy9
792749629 o7maeq7046
430619767 A 63364
s7az4@ |/ C6141067
8392332172 85049909
Q413839606 14267435
5 9183401 ¢ 93488706
2445704 Stor/70v0
4099 319! /93
Y6835 1391767 3
cBoto 785130273
oo0027 §9/5719é&1
47932 7740931 6v0
795921 sFrl1a@in/q
(O 715 f72006/13%0
/1 6s 9979407
g0 c82922%/1
709 v]877%777
10 [ 292040107
Latent
2
5
-2
-7
I=
-
~1
e |
A=
qn
10 ne

A. Necessity of Topological Regularization

It is natural to ask whether the disk penalty by itself is
enough to regularize the latent space. To test this, we trained
an autoencoder on the MNIST dataset using the exact same
setup as in the previous experiment, except we removed the
persistent homology contribution in L. Figure B shows how
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= R2

latent embeddings for the autoencoder with L

although lying entirely within Dy, do not fill the whole ball.
Figure @ shows how this irregularity lowers sampling quality
as the dimension of L increases.
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6. MNIST latent embeddings from an autoencoder whose only regular-

ization was the disk penalty.
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7. Generated images from an autoencoder whose only regularization was

the disk penalty. From left to right: L = R2, L = RS, and L = R0,
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